We study the real-space entanglement renormalization group flows of topological band insulators in (2+1) dimensions by using the continuum multi-scale entanglement renormalization ansatz (cMERA). Given the ground state of a Chern insulator, we construct and study its cMERA by paying attention, in particular, to how the bulk holographic geometry and the Berry curvature depend on the topological properties of the ground state. It is found that each state defined at different energy scale of cMERA carries a nonzero Berry flux, which is emanated from the UV layer of cMERA, and flows towards the IR. Hence, a topologically nontrivial UV state flows under the RG to an IR state, which is also topologically nontrivial. On the other hand, we found that there is an obstruction to construct the exact ground state of a topological insulator with a topologically trivial IR state. I.e., if we try to construct a cMERA for the ground state of a Chern insulator by taking a topologically trivial IR state, the resulting cMERA does not faithfully reproduce the exact ground state at all length scales.
Entanglement renormalization 1 , as a real space renormalization group (RG), has received substantial attention recently because of the following two main reasons: firstly, its efficiency in numerically finding ground states of quantum manybody systems; secondly, on the conceptual side, its close connection with the Anti-de Sitter space/conformal field theory (AdS/CFT) correspondence.
An entanglement renormalization method addresses the computational obstacle ('entanglement') of finding a highly entangled many-body ground state. One defines a set of unitary transformations, which recognizes the degrees of freedom and efficiently removes the spurious entanglement, the obstacle to finding the ground state. Combining such transformations with the coarse-graining procedure of the real space RG, the multi-scale entanglement renormalization ansatz (MERA) enforces that the quantum entanglement at different length scales is removed under successive applications of the RG transformation, allowing one to study highly entangled quantum states. As a powerful variational ansatz, the lattice MERA has been demonstrated to accurately approximate ground states of various quantum many body systems, including symmetry broken phases [2] [3] [4] [5] [6] and topologically ordered phases 7, 8 in (1+1) and (2+1) dimensions. In addition, to apply entanglement renormalization to quantum field theories (which are defined in an inherently continuous spacetime), a continuum version of MERA, namely continuum MERA (cMERA), was recently developed 9, 10 . It is conjectured that the lattice MERA may be understood as a discrete 'realization' of the AdS/CFT correspondence 11 , where it is suggested that the MERA may capture the key geometric properties of AdS spacetime. Some recent developments along this idea can be found in Refs. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . See also Refs. 23 and 24 where a similar construction was proposed under the name of "Exact holographic mapping".
The connection between the lattice MERA and AdS/CFT may also be understood based on the observation that the entanglement entropy in the lattice MERA can be estimated in a way similar to the holographic formula of the entanglement entropy in AdS/CFT. In the classical limit of AdS/CFT, i.e., when the gravity is described by the Einstein equation, the entanglement entropy S A of a subsystem A can be obtained by calculating the minimal area surface 25
where γ A is the minimal area surface embedded in a higher dimensional AdS spacetime whose boundary is A, and G N is the Newton constant of gravity in the AdS space. In the lattice MERA, the entanglement entropy of a subsystem A is estimated by partitioning the MERA tensor network into two parts, one which includes the subsystem A and its complement. It should be noted that there is no unique way to bipartition the network, and we label a set of partitions at different levels of the RG flow by γ A . S A is then bounded by
where Bonds(γ A ) represents, for a given choice of the partitioning γ A , the number of bonds connecting the two parts of the MERA network, and J is the dimension of bonds of the disentangler (see below). In particular, if each bond is maximally entangled, then the entanglement entropy S A will be determined by the minimal area of γ A , in a fashion similar to the AdS case as shown in Fig. 1 . By identifying γ A in the lattice MERA and the area γ A in AdS space, we can find
up to a constant. The requirement of maximally entangled bonds is crucial for this identification; as discussed in Ref. 10 , if the bonds are not maximally entangled, the estimation of entanglement entropy S A becomes more complicated, as one needs to consider the bonds which are far from the minimal area. Equivalently, the calculation in terms of tensor network is expected to become 'non-local'. At the same time, it is known that the bulk gravity in AdS space is non-local if one does not take the 't Hooft limit. The case of non-maximal entangled bonds in the lattice MERA may, therefore, correspond to the quantum gravity limit in AdS space. The strong parallelism between MERA and AdS/CFT in calculating entanglement entropy suggests that the 'emergent' geometry appearing in the tensor network representation of the lattice MERA might be the dual AdS space of the quantum states at the boundary (see Fig. 1 ).
Although a complete understanding of the connection between AdS/CFT and the lattice MERA is still lacking, some progress has been made recently. In Ref. 10 , the expression for the holographic metric in the extra dimension (which is parametrized by the RG step) has been proposed based on quantum field theory data in the continuous version MERA. Furthermore, in a following work 26 , the holographic metric after a quantum quench is also studied. It is found that the quenched holographic metric qualitatively agrees with its gravity dual given by a half of the AdS black hole spacetime. From the point view of cMERA, it has also been shown that the conformally invariant boundary states are dual to trivial spacetimes of zero volume 20 , and the bulk local states and corresponding operators in the three-dimensional AdS space can be constructed using Ishibashi states in two-dimensional CFTs 21, 22, 27, 28 . In a different approach, MERA has been proposed to be related to the kinematic space, i.e. the space of geodesic surfaces in AdS space 29, 30 . In the previously mentioned references, the cMERA study is mainly focused on free boson or free fermion systems with trivial topological properties. In the context of non-trivial topology, the AdS/CFT correspondence of Chern-Simons (CS) theories has been studied recently 31 . It is now therefore desirable to construct the cMERA dual to such AdS/CS correspondence -the main aim of our work. To achieve this goal, we develop the cMERA analysis of Chern band insulators in (2+1) dimensions.
Besides the cMERA dual of AdS/CS, there are other motivations for our study as follows:
(i) Recently, tensor network methods have been applied extensively to topological phases in two dimensions [32] [33] [34] . In these works, the exact projected entangled pair states (PEPS) representations of chiral topological states are obtained, al-though the correlations decay as an inverse power law. On the other hand, MERA has been constructed for exactly solvable lattice models with topological order including the Kitaev toric code, the Levin-Wen string-net models and the AKLT model 7, 8, 35 . It is noted, however, that topological insulators [36] [37] [38] , e.g. Chern band insulators, have not been explicitly constructed with the lattice MERA, despite some related recent studies 39 . In Ref. 39 , it is shown that the lattice MERA representation of a gapped topological phase, including Chern band insulators, should exist. By taking a bond dimension of order polynomial L, where L is the system size, the corresponding lattice MERA should be able to achieve high overlap with the true ground state in the thermodynamic limit. Finding a concrete MERA network fulfilling this construction has, nonetheless, proved to be a hard task. In the present work, we find that the ground state of Chern band insulators may be straightforwardly constructed in the framework of cMERA, which may shed light on our understanding of the lattice MERA structure of topological insulators.
(ii) In the previous studies, the IR state of cMERA is usually chosen as a topologically trivial state with no entanglement whatsoever 9, 10, 26 . In contrast, the ground state of a Chern insulator in (2+1)D carries a nonzero quantized momentumspace Berry-flux (in units of 2π). It is thus interesting to ask what happens to such Berry flux if one performs entanglement renormalization procedures. Before the calculation, one may guess that there are mainly three possibilities, depending on the choice of IR states as follows. (i) If the IR state carries a zero Berry-flux, then there must be a drain for the Berry curvature in the (3+1)D bulk of cMERA towards the IR, corresponding to a magnetic-monopole-like structure. It is expected that a phase transition may happen through the renormalization procedure in this case. (ii) If the IR state carries a nonzero Berry flux whose amount does not equal to the Berry flux at the UV layer, i.e., Φ(IR) = Φ(UV), we expect that part of the Berry curvature flows to the IR layer, and the other part is absorbed by the magnetic-monopole in the bulk of cMERA. Again, there may be a phase transition in this case. (iii) If the IR state carries the same amount of Berry flux as the UV state, i.e., Φ(IR) = Φ(UV), we expect that all the Berry curvature emanated from the UV layer flows to the IR layer, and there is no magnetic monopole in the bulk of cMERA. In this case, no phase transition happens. It is thus necessary to obtain quantitative and exact picture on the pattern of Berry curvature flow in the bulk of cMERA.
(iii) Besides the aforementioned topological properties, it is also interesting to study the geometric properties of cMERA. From the AdS/CFT correspondence point of view, different phases at the boundary correspond to different bulk space geometries in a higher dimension. In the prior studies on topological insulators, it is known that the momentum-metric can capture new aspects of topological phases 40 . Now in cMERA, we have an emergent holographic metric in the renormalization direction 10 . It is interesting to ask if this holographic metric can display novel information about topological insulators, and how the topological properties and geometric properties affect each other in the bulk of cMERA.
In this paper, we set up towards answering some of these questions. The paper is organized as follows. In Sec. II, we give a short review of cMERA in various versions. In Sec. III, starting from a topologically trivial IR state, we construct cMERA for four different fermionic systems in (2+1) dimensions, i.e., non-relativistic Chern insulators, non-relativistic trivial insulators, relativistic insulators with positive mass and relativistic insulators with negative mass, respectively. Then we study the holographic geometry, band inversion, and Berry curvature flow in the bulk of cMERA for different phases. In Sec. IV, we construct the cMERA for Chern insulators with a topologically nontrivial IR state, and study the corresponding holographic geometry, band inversion as well as Berry curvature flow in the bulk of cMERA. In Sec. V, we summarize our work and mention some future directions.
II. ENTANGLEMENT RENORMALIZATION
In this section, we give a brief introduction and review of cMERA. For the completeness of this work, we also give a short review of the lattice MERA in Appendix VII A. Both the lattice MERA and cMERA are developed in order to find the ground state of many-body systems by making use of the variational principle. As an implementation of real space renormalization group, they are different from the conventional method developed by Migdal, Kadanoff and Wilson [41] [42] [43] . For the lattice MERA and cMERA, short-ranged entanglement is removed during the process of coarse graining, instead of removing high-energy degrees of freedom as in the conventional RG formalism.
A. Brief review of cMERA
The continuum version of MERA (cMERA) was proposed to understand quantum field theories within the lattice MERA scheme 9 . The formulation of cMERA is very helpful for making an explicit connection between the entanglement renormalization and the AdS/CFT duality. In particular, it is found that an emergent metric in the extra holographic direction can be defined in cMERA, where the holographic metric shows properties expected from AdS/CFT 10 .To avoid confusions in later discussions, in the following parts, we discuss three different pictures of cMERA respectively.
We start from an IR state
which may be either entangled or unentangled, and aim to find a UV target state
where |Ψ represents the ground state of a given Hamiltonian at the UV length scale, e.g., a lattice in the condensed matter systems. With the same spirit as in the lattice MERA, at each layer u, we use the disentangling operators to remove short-ranged entanglement and perform isometry operationts to coarse-grain (see Appendix VII A). Compared to the lattice MERA, we can formally replace the disentanglers and isometries as follows
where du represents the infinitesimal RG step and K(u) represents a local interaction of the form 4) with k(r, u) being a local combination of local field operators ψ(r) and ∂ n r ψ(r), r = |r| (in which we have assumed rotational symmetry of the wavefunctions so that the disentangler is also rotationally symmetric), and their adjoints. Here one may make the Gaussian ansatz
(2.5) where a n (u)(ā n (u)) is a complex function which depends on the layer u. L is the generator of scale transformations
based on which one can find
(2.7)
Schrödinger picture
The continuum version of many-body wavefunction in layer u (see Eq.(7.3) for the lattice version) may be written as
(2.8) where P is the path ordering operator as in Eq. (7.3), and S represents the 'Schrödinger' picture. The physical interpretation of cMERA is similar to that of the lattice MERA, i.e., the UV target state |Ψ S (u = 0) = |Ψ can be constructed from an IR state |Ω S by adding short-ranged entanglement with K(u) and doing scale transformations by L repeatedly. The opposite way from the UV limit to the IR limit may also be interpreted straightforwardly. As u varies from u UV = 0 to u IR = −∞, by removing entanglement and doing scale transformations repeatedly, we end up with a state |Ω S which may be unentangled. Eq. (2.8) can be generalized to an arbitrary layer u as
Scheme of the momentum region where the Hilbert space in the 'Schrödinger' picture is defined. At layer u, the Hilbert space is defined within 0 ≤ |k| ≤ Λe −u , as indicated by the solid line. The disentangler K(u) creates/removes entanglement with a constant cut-off Λ, as indicated by the red dotted line. Effectively, as u goes deeper towards uIR, the disentangler creates/removes entanglement for smaller |k| (i.e., |k|e µ ) in the original system at uUV, which corresponds to a larger length scale in real space.
Based on this, we obtain 'Schrödinger's equation'
It is beneficial to check the Hilbert space in which |Ψ S (u) is defined. First, one notes that the disentangler K(u) only creates (or removes) entanglement and will not change the Hilbert space. Therefore, one only needs to check the effect of L. Now we consider a single particle state in momentum space in (d + 1) dimensions. At layer u UV = 0, the single particle state can be written as
where Λ is a UV cut-off in momentum space. Then the single particle state at layer u according to Eq. (2.10) reads
where we have used e −iLu |vac = |vac . By using the formula in Eq. (2.7) one can find
which means |φ S (u) is now defined in the region 0 ≤ |k| ≤ Λe −u . At the same time, K(u) is assumed to create or remove entanglement with a constant cut-off |k| ≤ Λ, which is independent of the layer u. 9 As shown in Fig. 2 , we plot schematically the region where the Hilbert space at layer u is defined, as well as the region within which entanglement is created or removed (on which the disentangler operates). It can be found that as u goes deeper towards u IR , the disentangler K(u) effectively creates/removes entanglement for smaller |k| in the layer u = u UV . This is as expected because in the lattice MERA as u goes deeper towards u IR , entanglement is created/removed in a larger length scale, which corresponds to a smaller momentum scale.
Heisenberg picture
For convenience, we define the unitary operator
(2.14)
Suppose O is some local operator defined in the layer u = u UV = 0, then by moving to the 'Heisenberg picture', one can define O(u) at layer u as the following
based on which one can get 'Heisenberg's equation of motion'
It is noted that the 'Heisenberg' picture is used in Ref. 9.
Interaction picture
As will be seen later, it is useful to move to the 'interaction' picture, i.e.,
Combining with the Schrödinger's equation in Eq. (2.10), one can obtain
Then the wavefunction |Ψ I (u) at layer u can be expressed as 20) or Fig.16 . The boundary |k| = Λe u defines a cone within which quantum entanglement can be created/removed. The region defined by |k| Λ is the low energy physics region.
The merit of the 'interaction' picture is that at each layer u of the cMERA, we have the same Hilbert space defined in 0 ≤ |k| ≤ Λ in momentum space. This allows us to define and calculate the overlap Ψ(u)|Ψ(u + du) , from which we extract the emergent metric g uu (u) in the holographic direction, as will be discussed later. To have an intuitive picture, in Fig. 3 we show schematically the momentum region where the Hilbert space is defined in the interaction picture. The boundary |k| = Λe u defines a cone in which entanglement can be created/removed. Given an IR state |Ω at u = u IR , the region outside the cone is trivial because no entanglement is added. This is in analogy with the dangling unentangled |0 s in Fig.  16 .
In the rest of this paper, we will work in the 'interaction' picture, and for convenience we will simply write |Ψ I (u) as |Ψ(u) .
III. CMERA OF TOPOLOGICAL INSULATORS WITH A TOPOLOGICALLY TRIVIAL IR STATE
Here we refer the IR state to be topologically trivial (nontrivial) if the corresponding cMERA constructed wavefunction |Ψ(u) at each layer u carries a zero (nonzero) Berry flux.
A. cMERA of Chern insulators in (2+1)D
In Refs. 9, 10, and 26, cMERA of a relativistic free fermion system has been studied. This method can be generalized to various gapped phases in a straightforward way. Here we focus on a two-band free fermion system in (2+1) dimensions, defined by the Hamiltonian
where
T , and ψ 1,2 (k) are fermion operators satisfying the canonical anti-commutation relation
As a comparison, besides the Chern insulators, we will also consider non-relativistic trivial insulators and relativistic insulators with m > 0 and m < 0, respectively. For convenience of labeling, we will use a, b, c, d to represent non-relativistic Chern insulators, non-relativistic trivial insulators, relativistic insulators with m > 0, and relativistic insulators with m < 0 respectively 44 , with
where k = |k|. The ground state corresponding to the Hamiltonian in Eq. (3.1) can be expressed as
where u k and v k are expressed in terms of R(k) (See Appendix VII B for details.). Our aim is to find a proper IR state |Ω and the associated disentanglers which generate |Ψ as the UV state. Next, we will derive the expression for the wavefunction |Ψ(u) at each layer u of cMERA. The wavefunction |Ψ(u) is supposed to interpolate |Ω to |Ψ as u sweeps over
In the 'interaction' picture of cMERA, the fermion operator ψ(k, u) in layer u is related with ψ(k) as
Since the free fermion model is gaussian, one may make the gaussian ansatz for the disentangler
where g k (u) is chosen of the form
is a complex function that we need to solve for, and θ k is defined through k cos θ k = k x and k sin θ k = k y . The disentangler in Eq. (3.5) indicates that at each layer u, the quantum entanglement can be created/removed only within the region |k| ≤ Λe u , as schematically shown in Fig. 3 . In fact, based on the expression of g k (u) in Eq. (3.6), one can find that the disentangler adds/removes entanglement mainly in the region |k| Λe u . It is noted that Eq. (3.4) can be considered as a unitary transformation, i.e.,
where we have introduced the matrix M k (u) as
Equivalently, one has
By solving the differential equation above, one can obtain the general solution as
11) The wavefunction |Ψ(u) at layer u constructed from cMERA is defined by
with the explicit expression
Therefore, now our task is reduced to solving differential equations in Eq. (3.10) under the boundary conditions
It is noted that there may be many choices of |Ω . In the prior study on free fermion systems 9, 10, 26 , |Ω is chosen as an unentangled state, e.g., |Ω = |k|≤Λ ψ † 2 (k)|vac . For the non-relativistic Chern insulator, by comparing |Ψ(u) with the boundary condition at the UV limit (see Eq.
(7.10)), one can simply set A and B in Eq. (3.11) to be real, so that A = B = 1/2. Then one can obtain
based on which one can find that in the IR limit, 16) which is the unentangled IR state used in the prior studies on free fermion systems. 9, 10, 26 The same procedure applies to the other three phases in Eq. 
It is straightforward to check that the IR states for the four phases are |Ω Next, by considering the boundary condition at the UV limit, i.e.,
where i = a, b, c, d, one can fix the form of g(u) (and thus those of g r k (u) and g k (u)) in the disentangler (see the Appendix for details of calculation) as follows
+arctan Λe As shown in Fig. 4 , it is noted that in the IR limit, one has g(u) = 0 for all the four phases, which indicates that no entanglement is added/removed in the IR layers. In the UV limit, one has
Furthermore, there are some more interesting features in g i (u). For example, one can observe a peak as well as a sign change in g a (u). We will see how these features play an important role in determining the Berry curvature flow in the bulk of cMERA later. In addition, by considering the limit |m| → 0 in Eqs. (3.21) and (3.22) , one can obtain 25) which reproduce the result in Ref. 10 . g c(d) (u) is independent of layer u because the |m| → 0 limit in relativistic insulators corresponds to a critical point, and therefore the corresponding bulk theory in cMERA is scale invariant. This is similar to the scale invariant lattice MERA 45, 46 , where both the tensor network structure and disentanglers do not change as one goes deeper towards u IR .
B. Emergent Holographic Metric in cMERA
The definition of holographic metric g uu (u) for a general quantum field theory in cMERA was discussed in Ref. 26 . By comparing with the classical gravity limit of AdS/CFT, the authors find the metric g uu (u) should measure the density of the strength of the disentanglers. One natural choice is the quantum metric defined through the overlap between wavefunctions |Ψ(u) and |Ψ(u + du) in the following
where (3.27) and N is the normalization factor with the concrete form
) is a single-particle wavefunction defined as
To have a better understanding of this definition, one may consider the limit that no entanglement is added at layer u, which means Ψ(k, u)|Ψ(k, u + du) = 1, and therefore one ends with g uu (u) = 0. On the other hand, if more entanglement is added at layer u, then the overlap | Ψ(k, u)|Ψ(k, u + du) | becomes smaller, and therefore one has a larger g uu (u). This means g uu (u) can indeed measure the density of the strength of disentanglers. To see clearly the relation between g uu (u) and disentanglersK(k, u), one notes that Eq. (3.27) can be rewritten as
Then by using Eq. (2.18), one can immediately obtain
Next we will apply the definition of g uu (u) to concrete systems, e.g., Chern insulators in (2+1) dimensions. The cMERA constructed wavefunction for Chern insulators at layer u has been obtained in Eqs. (3.13) and (3.15) . Based on Eq. (3.29), one can find
Therefore, for Chern insulators in (2+1) dimensions, one can get
In addition, by checking the other three phases, it is straightforward to obtain
where i = a, b, c, d, and the explicit expression of g i (u) has been obtained in Eqs. (3.19)∼ (3.22) . Note that for all the four cases, g i uu vanishes in the IR layers. For other components of the metric, one can find their general expressions in Appendices VII C.
C. Band inversion in cMERA of Chern insulators
To study the Chern band insulator, it is helpful to check the behavior of pseudo spin configuration d(k, u) := Ψ(k, u)| σ|Ψ(k, u) , the z component of which can be used to track the band inversion of the corresponding Hamiltonian. For convenience, we denote
Then based on Eqs. (3.15) and (3.17), one has
where the minus sign difference results from m > 0 for phase a(c) and m < 0 for phase b(d).
As shown in Fig. 5 , we plot Ψ(k, u)|σ z |Ψ(k, u) as a function of layer u and momentum |k| in the region |k| Λ. One can find that the band inversion happens only for the nonrelativistic Chern insulator, which agrees with our knowledge in the UV limit. As shown in Fig. 5(a) , for cMERA of Chern insulators, band inversion happens in the UV layer u = u UV . As u goes deeper towards u IR , the band inversion insists until u is near u * , which is defined by
It is noted that for relativistic insulators, u * is defined by |m| = Λe u * . Next we will discuss how the band inversion in region |k| Λ is related with the behavior of g i (u). For convenience, we divide each plot in Fig. 5 into three regions as follows.
where k * is defined by |m| = (k * ) 2 for non-relativistic insulators, and |m| = k * for relativistic insulators. The relation between k * and u * is Note that the result is independent of momentum k. In other words, for u IR < u < u * , as we change momentum k, there is no band inversion happening.
(ii) Region II: In this region, g i (u) has a finite value for u * < u < u UV . However, the factor |k|/Λe u in Eq. (3.6) goes to zero as we increase u from u = u * . Then, again, one has ϕ 
which can be simplified as
By considering the limit u → u UV and k Λe uUV , it is straightforward to obtain
which can be observed in the upper right of each plot in Fig.  5 .
In short sum, with appropriate approximation, we show that (i) For u IR < u < u * , there is no band inversion for all the four phases as we change momentum k. (ii) For u * < u < u UV , as we increase the momentum k across k = k * , the value of
One can find that only the non-relativistic Chern insulator shows the band inversion behavior for u > u * , which indicates that the system is in a topologically nontrivial phase. On the other hand, for u < u * , there is no band inversion happening as we change k, which indicates the system is in a topologically trivial phase. Therefore, as u goes across u * from the IR side to the UV side, it seems that we have a phase transition from a topologicaly trivial phase to a topologically nontrvial phase. Therefore, it may be viewed as a 'topological phase transition' in the direction of entanglement renormalization.
Before we end this part, we emphasize that the discussion above is based on the assumption k Λ, i.e., we focus on the low energy physics region. In the following parts, we will study the topological property of the four systems in the whole region 0 ≤ k ≤ Λ.
D. Berry curvature flow in cMERA of Chern insulators
To further understand the 'topological phase transition' in the previous part, we study the Berry curvature flow in the bulk of cMERA for a Chern insulator. It is known that Chern insulators are distinguished from trivial insulators by a nonzero quantized Chern number, which can be viewed as a Berry flux in momentum space. Therefore, there must be some Berry curvature emanated from the UV layer of cMERA for a Chern insulator. On the other hand, we know that the IR state is unentangled and there is no Berry curvature. One may ask where does the Berry curvature flow? We will study this problem in this part.
Based on the cMERA constructed single particle wavefunction |Ψ(k, u) in Eq. (3.28), one can obtain the Berry connection for a Chern insulator as follows
The Berry curvature can be obtained by calculating
which can be explicitly expressed as u andk are unit vectors along the renormalization direction and the momentum direction, respectively. This is an emergent Berry curvature due to the extra renormalization direction u. By checking the other three phases with the same procedures, one can find that F c (k, θ k ; u) for the relativistic insulators with m > 0 has the same expression as that in Eq. (3.40). For the other two phases with i = b and d, one has
Again, the sign difference between cases a(c) and b(d) is caused by the sign change of mass term. To check the validity of the formulas in Eqs. (3.40) and (3.41), we compare the cMERA constructed F i u (k, θ k ; u = u UV ) with the exact results in the low energy physics region. As shown in Fig. 6 , the cMERA results agree with the exact results in an excellent way.
Next, we will focus on the case of Chern insulators, and see what happens for F(k, θ k ; u) if u deviates from u = u UV and goes deeper towards u IR . In other words, we hope to study the Berry curvature flow in the bulk of cMERA. As shown in Fig.  7 , according to Eqs. (3.34) and (3.40), we plot F(k, θ k ; u) as a function of momentum k = |k| and layer u. It is found that the Berry curvature F(k, θ k ; u) emanated from the UV layer u UV flows towards the IR layer u IR . Before it reaches u = u * , F(k, θ k ; u) is bent backwards along k = Λe u . In addition, it can be observed that a vortex feature develops near u = u * . Then we may ask two questions. (i) How does the vortex feature in F(k, θ k ; u) arise? (In the appendices, we also calculate the Berry curvature flow for the other three phases, and there is no vortex feature for these three phases.) (ii) Now that the Berry curvature is bent backwards along k = Λe u , where does the Berry curvature flow finally? For question (i), as discussed in detail in Appendices VII B 5, it is shown that the vortex feature in the Berry curvature flow is mainly caused by the sign change of g a (u) in Fig. 4(a) . Now we are mainly interested in question (ii) as follows.
At the UV layer u UV , we calculate the Berry flux in the region k ≤ k, i.e.,
and compare it with the exact result, as shown in Fig. 8 . For the case of Chern insulators in Fig. 8 (a) , one can find that for k Λ, the Berry flux Φ(k, u = 0)/2π calculated from cMERA agrees with the exact result very well, and it reaches −1 at certain k, which is much smaller than Λ. However, as k increases further, the Berry flux deviates from the exact result, and decays from −1 to 0 gradually as k → Λ. This indicates that the cMERA result is not exact for large k, which was also observed in Ref. 9 . In addition, because we do not find any 'source' or 'drain' for the Berry curvature in the bulk of cMERA, this total zero flux Φ(k = Λ, u = 0) = 0 indicates that all the Berry curvature emanated from the low energy physics region of the UV layer flows back to the UV layer itself.
In fact, the conclusion above can be more transparently understood by checking the cMERA constructed wavefunction. It is noted there is no singularity in the cMERA constructed wavefunction |Ψ(k, u) . Therefore, based on Eq. (3.39), the Berry flux can be expressed as Considering ϕ k (u = 0) = 0 for k = Λ, one immediately obtains
which agrees with our numerical calculation. Similarly, at each layer u, one can find Φ(k = Λ, u) = 0. Therefore, the total Berry flux at each layer is conserved to be zero.
To conclude, in this part we study the Berry curvature flow in the bulk of cMERA for a Chern insulator. In the low energy physics region k Λ, cMERA can reproduce the exact results on Berry curvature in the UV layer. However, it is found that the Berry curvature, which is emanated from the low energy physics region, after bent back near u = u * , flows backwards to the large k region in the layer u = u UV , as schematically shown in Fig. 9 (a) . Therefore, the cMERA constructed wavefunction in the whole layer u = u UV is topologically trivial, although we can see the band inversion feature in the low energy physics region. From this point of view, the 'topological phase transition' we found in the previous part is not a true phase transition.
It is interesting to compare the Berry curvature flow in cMERA for all the four phases. By repeating the same procedures for Chern insulators (see Appendices VII B), we obtain the Berry curvature flow in the low energy physics region. (See Fig. 17, Fig. 18 and Fig. 19, respectively .) It is found that there is no vortex feature in cMERA for the other three phases, because there is no sign change in the corresponding g i (u). We also check the Berry flux distribution in the whole region 0 ≤ |k| ≤ Λ for the four phases, as shown in Fig. 8 . For relativistic insulators with both m > 0 and m < 0, one has similar conclusions as that of non-relativistic Chern insulators. The Berry flux Φ(k, u)/2π reaches ∼ ∓ 1 2 at certain k which is much smaller than Λ, and then decays to zero gradually as k increases to Λ. On the other hand, for the nonrelativistic trivial insulators, the Berry flux Φ(k, u)/2π obtained from cMERA agrees with the exact result in the whole region 0 ≤ |k| ≤ Λ. In addition, one can find that the total Berry flux in the low energy physics region |k| Λ is already zero, and the large k region does not contribute any Berry curvature.
Based on the analysis above, we summarize the features of Berry curvature flow in cMERA for the four phases as follows, with the schematic plotting shown in Fig. 9: (a) Non-relativistic Chern insulator: A bundle of Berry curvature with a total Berry flux −2π is emanated from the low energy physics region in the UV layer u = u UV . These Berry curvature is bent backwards near u = u * , and flows back to the large k region in the UV layer. In addition, a vortex feature develops near u = u * . (b) Non-relativistic trivial insulator: A bundle of Berry curvature is emanated from the low energy physics region in the UV layer u = u UV . These Berry curvature is bent backwards near u = u * , and flows back to the low energy physics region itself in the UV layer. No Berry curvature is emanated or absorbed in the large k region.
(c) Relativistic insulator with m > 0: A bundle of Berry curvature with a total Berry flux −π is emanated from the low energy physics region in the UV layer u = u UV . These Berry curvature is bent backwards near u = u * , and flows back to the large k region in the UV layer.
(d) Relativistic insulator with m < 0:
A bundle of Berry curvature with a total Berry flux −π is emanated from the large k region in the UV layer u = u UV . These Berry curvature is bent backwards near u = u * , and flows back to the low energy physics region in the UV layer. In other words, we simply reverse the direction of Berry curvature flow in (c).
IV. CMERA OF TOPOLOGICAL INSULATORS WITH A TOPOLOGICALLY NONTRIVIAL IR STATE
We show in the previous section that, with a topologically trivial IR state, one cannot construct the exact ground state of a Chern insulator with a nonzero Chern number. To recover the nontrivial topological property of the exact ground state, we may have to consider a cMERA with a topologically nontrivial IR state.
Before we move on to the cMERA with a topologically nontrivial IR state, it is helpful to review the prior works on the lattice MERA construction of topological phases. In Refs. 7 and 8, the lattice MERA of Kitaev's toric code model and Levin-Wen's string-net model have been constructed in an exact way. It is found that the state at each layer of the lattice MERA has nontrivial topological properties, and it will never flow to a topologically trivial IR state. Recently, the symmetry protected entanglement renormalization was proposed 35 , which is applied to the lattice MERA construction of a symmetry protected topological (SPT) phase. In particular, for the AKLT state, it is found that as long as the Z T 2 symmetry is preserved in the process of RG flow, the state in each layer of the lattice MERA is nontrivial in topology. In addition, in Ref. 39 , although a concrete lattice MERA network for a Chern band insulator is still difficult to find, procedures to construct the lattice MERA are proposed: Starting from a 'top' tensor, which represents the exact ground state of a small cluster of a Chern insulator, by using disentangler and isometry operations on and on, one may be able to construct the ground state of a Chern insulator in a very large size. Apparently, the state at each layer inherits the topologically nontrivial property from the 'top' tensor. In short, based on previous works, it suggests that in the lattice MERA, a topologically nontrivial UV state always flows to a topologically nontrivial IR state. Therefore, we believe that in cMERA, a continuous version of the lattice MERA, we may have a parallel story.
A. cMERA of Chern insulators in (2+1)D with a topologically nontrivial IR state
The main procedures are the same as those in Sec. III. The cMERA constructed many-body wavefunction at each layer has the form
where the expressions of Q k (u) and P k (u) can be found in Eq. (3.11). For convenience, we rewrite them here
2) where g r k (u) is defined through Eq. (3.6). Instead of choosing A = B = 1/2, to have a topologically nontrivial IR state, we choose A = −B = −i/2. Then one can obtain
In particular, in the IR limit, one has where |Ψ is the exact ground state of a Chern insulator in Eq. (3.3), one can obtain
Λe u .
(4.6)
It is straightforward to check that
where g trivial (u) is g(u) obtained from the cMERA with a topologically trivial IR state(see Eq. (3.19) ).
Following the same procedures in Sec.III, one can also define the emergent holographic metric with the expression
B. Band inversion in cMERA of Chern insulators
To understand the topological property of the state at each layer, we study the band inversion behavior in the bulk of cMERA with a topologically nontrivial IR state.
As discussed in Sec.III, we use d z (k, u) = Ψ(k, u)|σ z |Ψ(k, u) to track the band inversion, where
|vac is the single particle wave-function. By using the expression of P k (u) and Q k (u) in Eq. (4.3), one can obtain
where ϕ k (u) is now expressed in terms of g nontrivial (u) (see Eq. (3.34)). The plot of d z (k, u) is shown in Fig. 10 . Different from the case with a topologically trivial IR state, it is found that the band inversion happens at each layer u, which indicates that the state at each layer is topologically nontrivial.
To have a better understanding of the band inversion, it is helpful to see how d z (k, u) is related with g nontrivial (u). In the following, we discuss the behavior of d z (k, u) in separate regions:
(i) Region I : This region corresponds to the upper right corner in Fig. 10 . In this region, one has g nontrivial (u) 0, and therefore ϕ k (u) 0. Then we have
( 4.10) (ii) Region II : This region is trivial in the sense that the single-particle state |Ψ(k, u) is the same as the IR state |Ω nontrivial (k) , because no entanglement is created/removed in this region. Based on Eq. (4.4), one has
(iii) Region III : In this region, to make an estimation of d z (k, u), we use the approximated expression of g nontrivial (u), i.e.,
Then ϕ k (u) can be expressed as
based on which one has
By considering k min[Λe
Based on the discussions above, it is apparent that as we increase k from k = 0, d z (k, u) changes as follows:
which happens in each layer u from u IR to u UV . In other words, the band inversion happens in each layer u. This is in agreement with the calculation in Fig. 10 . It is emphasized that the discussion above applies to the whole region with 0 ≤ k ≤ Λ and u IR < u < u UV , which indicates that the state in each layer is topologically nontrivial. 
C. Berry curvature flow in cMERA of Chern insulators
To further identify the topological property in each layer of cMERA, in this part, we will study the Berry curvature flow in the bulk of cMERA.
Following the previous section, based on the wavefunction in Eqs. (4.1) and (4.3), one can obtain the Berry connection as follows 17) where ϕ k (u) is defined as
Therefore, the Berry curvature can be obtained by calculating F = ∇ × A. Then we have As the first step, we check if the Berry curvature and Berry flux obtained from cMERA agrees the exact results in the UV layer u = u UV . As shown in Fig. 11 , we compare the cMERA constructed F u (k, θ k ; u = 0) and the exact result of Berry curvature in Eq. (7.12) in the low energy physics region k Λ, and they agree with each other very well. Then in Fig.  12 , we compare the Berry flux obtained from cMERA and the exact result in the whole region 0 ≤ k ≤ Λ. For cMERA with a topologically trivial IR state, the Berry flux agrees with the exact result only in the region k Λ. As k increases, the Berry flux deviates from the the exact result, and decays to zero gradually. For cMERA with a topologically nontrivial IR state, the Berry flux obtained from cMERA agrees with the exact result in the whole region 0 ≤ k ≤ Λ, which indicates that cMERA with a topologically nontrivial IR state respects the topological property of the exact ground state. Then we will study the Berry curvature flow in the bulk of cMERA in the following. As shown in Fig. 13 , we plot the vector field F(k, θ k ; u) based on F u (k, θ k ; u) and F k (k, θ k ; u). Quite different from the results in cMERA with a topologically trivial IR state, here the Berry curvature is not bent backwards near u * . On the contrary, the Berry curvature is bent towards smaller k, and then flows towards the IR layers. Note that the Berry curvature flow in IR layers (u IR < u < u * ) is not shown here, because the Berry curvature converges to smaller k and the field strength is very strong (Therefore, to have a good contrast of display for the Berry curvature flow near u * , we only plot F (k, θ k ; u) in the finite region.). Nevertheless, the behavior of Berry curvature flow in the whole region is schematically shown in Fig. 14 . In Appendix VII D, we give a detailed analysis on how the Berry curvature flow F(k, θ k ; u) in the bulk of cMERA is related with the behavior of g nontrivial (u). In addition, we check the total Berry flux Φ(u) in different layers, and find that the Berry flux in each layer is conserved to be Φ(u) = −2π. This can be easily understood by writing down the form of Berry flux explicitly
(4.20)
By noting that ϕ k (u)| k=Λe u = 0, one has 21) which is independent of the layer u. As a short sum in this part, we find that all the Berry curvature emanated from the UV layer flows to the IR layer, and the total Berry flux at each layer u is conserved to be −2π. This verifies that the cMERA constructed wavefunction |Ψ(u) at each layer u is topologically nontrivial. Our result parallels with the story in the lattice MERA 7, 8, 35 . We give some remarks before ending this part. It is noticed that if we focus on the IR state |Ω nontrivial in Eq. (4.4), there is no real space entanglement. However, for an arbitrary finite layer u, the state in Eq. (4.1) carries finite real space entanglement, because of its topologically nontrivial property. This is as expected, because we cannot remove all the entanglement of a Chern insulator by simply using a local unitary operation within finite depth.
In Appendices VII F, we also discuss the cMERA construction for a Chern insulator with higher Chern numbers. Both topologically trivial and nontrivial IR states are considered. The physical pictures are basically the same as the case with Ch 1 = −1 as discussed in the main text.
V. DISCUSSIONS AND CONCLUSIONS
In this paper, we studied the entanglement renormalization group flows of topological band insulators in (2+1)D with cMERA. In particular, we constructed the cMERA for a Chern band insulator with topologically trivial and nontrivial IR states, respectively.
For the cMERA of a Chern insulator with a topologically trivial IR state, the UV state constructed from cMERA agrees with the exact ground state in the low energy physics region k Λ. The topological properties in the bulk of cMERA were studied through band inversion and Berry curvature flow. In the low energy physics region, it was found that band inversion happens in the region u * < u < u UV , where u * is determined by the mass term. In the region u IR < u < u * , however, there is no band inversion. This indicates a 'topological phase transition' in the renormalization direction. Then we studied the Berry curvature flow in the bulk of cMERA. It was found that the Berry curvature, which is emanated from the low energy physics region in the UV layer, is bent backwards near u = u * . Finally, these Berry curvature flows to the large k region in the UV layer, which results in a total zero Berry flux in each layer of cMERA. Therefore, the cMERA constructed UV state cannot recover the exact ground state of a Chern band insulator in the whole region 0 ≤ k ≤ Λ. Besides the topological properties, we also studied the geometric properties in the bulk of cMERA by calculating the holographic metric.
For the cMERA of a Chern insulator with a topologically nontrivial IR state, the UV state constructed from cMERA agrees with the exact ground state in the whole region 0 ≤ k ≤ Λ. It was found that band inversion happens in each layer of cMERA, and the total Berry flux in each layer is conserved to be −2π. Furthermore, we studied how the Berry curvature flows in the bulk of cMERA. We found that all the Berry curvature emanated from the UV layer flows to the IR layer. This means a topologically nontrivial UV state corresponds to topologically nontrivial states in the bulk of cMERA. This parallels with the story in the lattice MERA, where it is found that if the UV state is nontrivial in topology, then the state in each layer of the bulk is similarly nontrivial.
Finally, we mention some interesting future problems as follows.
• Finite temperature effect on cMERA of topological insulators Our current work focuses on the cMERA construction of topological insulators at zero temperature. Most recently, topological insulators at finite temperature were studied by introducing two quantities: the Uhlmann phase in (1+1)D systems and the Uhlmann number in (2+1)D systems [47] [48] [49] , which are used to characterize the topological invariant of the system at finite temperatures. In particular, it is found that, for topological insulators, there exists a critical temperature T c where thermal topological phase transitions may happen. It may prove interesting to study how finite temperature T affects the topological property as well as the geometric property in the bulk of cMERA, and in particular, how the thermal topological phase transition reveals itself in the bulk of cMERA.
• cMERA for interacting topological phases
The topological band insulators we discussed here are noninteracting systems. Generalizing our method to topological phases with interactions, such as fractional quantum hall states or fractional Chern insulators, remains an open problem. To obtain the ground state of fractional quantum hall systems or fractional Chern insulators, one may project copies of free fermion states onto a gauge invariant subspace 50 . How such projections affect the bulk properties of cMERA is unknown at this moment.
• Quench dynamics in cMERA Recently, quench dynamics in AdS/CFT correspondence has been discussed intensively. In particular, the time evolution of cMERA after a global quantum quench has been studied in free field theories 26 . It is found that the behavior of the holographic metric qualitatively agrees with its gravity dual given by a half of the AdS Schwarzschild black hole spacetime 51 . As studied in our current work, the geometric and topological properties are closely related with each other through the disentangler in cMERA. Therefore, it will be of great interest to study how the quantum quench affects the topological quantities, e.g., the Berry curvature flow in the bulk of cMERA.
• The relation of cMERA and exact holographic mapping
In a companion paper 52 , by using the exact holographic mapping (EHM), the holographic duality between a (2+1)D Chern insulator and a (3+1)D topological insulator is studied. In the EHM approach, the Chern number of the boundary theory gets distributed to different positions of the bulk. Therefore the two different approaches lead to different bulk theories. It will be interesting to have more direct comparison of the dual geometry obtained in these two approaches in future works. 
VII. APPENDICES
A. Brief review of the lattice MERA Some nice reviews of the lattice MERA can be found in Refs. 45 and 46 . For the completeness of this paper, we give a brief introduction to the lattice MERA here. The construction of the lattice MERA can be understood in the following two ways. First, it can be considered as a coarse graining transformation (combined with disentangling operations) that maps the lattice L u in layer u to a sequence of coarser lattices L u−1 , L u−2 , · · · , and therefore it leads to a real space renormalization group transformation. Secondly, the lattice MERA can be viewed as quantum circuits with the output as the states living on the lattice at u = 0 and the quantum gates as the disentanglers and 'coarse grainers' (isometries). With appropriate quantum gates, the lattice MERA can transform the input, which is an unentangled state at the IR layer, into the target state |Ψ , which faithfully represents the ground state.
Here we choose the language of renormalization group transformation for concreteness. Denoting L as the lattice with N sites living in (d+1) dimensions in which the bare lattice Hamiltonian and its ground state are written on, the lattice MERA is composed of tensors living in |T | log N different layers, with each layer containing a row of disentanglers v and a row of isometries w. Let us take the lattice MERA in (1+1)D for example, as shown in Fig. 15 . We start from the original lattice L 0 ≡ L. By applying disentanglers V † −1 = v † to remove the short range entanglement between neighboring blocks, and then applying isometries W † −1 = w † to map blocks of sites in L 0 into single sites in the next layer, we obtain L −1 which is the first step coarse grained lattice of L 0 . Repeating this procedure, we get a sequence of lattices in the lattice MERA:
We get the increasingly coarse grained states, corresponding to the increasingly coarser lat-
2) To be more precise, |Ψ u−1 = U † u−1 |Ψ u , from which one can obtain
where the symbol P is a path-ordering which puts all operators with smaller u to the right. Eq. (7.3) is very useful for the following reasons: (i) It is straightforward to generalize to continuum MERA, as will be seen clearly later. (ii) It makes the construction of the lattice MERA intuitive. Given |Ψ T which may be unentangled, by doing dilation (scaling) W and adding short-ranged entanglement V repeatedly, we can obtain the target state |Ψ 0 which is the ground state for a given Hamiltonian. (iii) It makes clear that at each layer the disentangler W (u) acts in different length scales. As u goes deeper towards T , the quantum entanglement is created/removed in larger length scales ae −u , and thus smaller momentum scales e u /a, where a is the lattice constant. For the algorithm to optimize the disentanglers V and isometries W , one can refer to the detailed descriptions in Refs. 45 and 46. Next, we introduce the 'interaction' picture of MERA, as shown in Fig. 16 . The convenience of the 'interaction' picture of MERA is that as the layer u varies, the size of the Hilbert space is conserved. This is in contrast with the conventional picture of MERA in Fig. 15 , where the size of the Hilbert space is reduced by a half as u → u − 1. The strategy of constructing the 'interaction' picture of MERA is simple; at each isometry (scaling), we add a dummy state |0 replacing the state in the Hilbert space to be truncated in the isometry process. Therefore, as u goes deeper towards u T , we get a lot of extra |0 's which are un-entangled in |Ψ T . This also supports an intuitive picture of the MERA that as u varies from u T to u 0 , we are adding entanglement on the un-entangled state |0 ⊗ |0 ⊗ · · · |0 at different length scales depending on the layer u. As discussed in the main text, the 'interaction' picture of MERA is useful in the construction of cMERA.
B. cMERA of different phases with topologically trivial IR states
cMERA of nonrelativistic Chern insulators
A Chern insulator in (2+1) dimensions can be described by a simple two-band model with the Hamiltonian 37, 38 (See also Eq. (3.1) for more details.)
where 5) and m > 0. The Hamiltonian in Eq. (7.4) can be diagonalized by using a unitary transformation
with R(k) = |R(k)|. Then one can get
8) and the ground state |Ψ is defined by
This condition is met uniquely by the state
10) where 11) and N is a normalization factor so that |u k | 2 + |v k | 2 = 1, k ≡ |k|, and θ k is defined through k cos θ k = k x and k sin θ k = k y . Based on the wavefunction, one can calculate the Berry curvature at momentum k as follows
Next we will use cMERA to construct the ground state in Eq. (7.10). In the main text, we have found that the wavefunction at layer u is expressed as (See Eq. (3.13))
where the expression of P k (u) and Q k (u) can be found in Eq. (3.15) . Then, by requiring that |Ψ(u = u UV ) = |Ψ , and defining
one has
After some straightforward algebra, one can obtain the form of g(u) in the following,
which, after plugging Eq. (7.15) in, results in
) .
(7.16)
Then we obtain g(u) in Eq. (3.19).
cMERA of nonrelativistic trivial insulators
The cMERA of non-relativistic trivial insulators is slightly different from Chern insulators because of the sign change of mass term m, as discussed below.
For non-relativistic trivial insulators, one has
with m < 0. However, we should be careful when using the expression of ground state |Ψ in Eq. (3.3) (with u(k) and v(k) expressed in Eq. (7.7)), since one can find that |Ψ is not well defined at k = 0 when m < 0. Therefore, we need to change the gauge so that
which can be written explicitly as
The Berry curvature has the same form as that of Chern insulators, i.e., 20) but with m < 0. By comparing the cMERA constructed wavefunction |Ψ(u) in Eq. (3.13) and the exact ground state wavefunction, we can set A = −B = ie iθ k /2. Then one has
For u = u IR , one has
Then, by requiring |Ψ(u UV ) = |Ψ , where |Ψ is the exact ground state of a nonrelativistic insulator, one has
+arctan Λe
One can simply check that in the IR limit and UV limit,
With the wavefunction |Ψ(u) in layer u, one can get the Berry curvature The cMERA construction of relativistic insulators with m > 0 in (2+1) dimensions is similar with that of nonrelativistic Chern insulators as discussed in the main text. In this case, one has
Then based on Eq. (7.7), one can obtain 28) where N is the normalization factor. Based on the ground state wavefunction, one can get the Berry curvature :
The cMERA constructed P k (u) and Q k (u) have the same expressions as those in Eq. (3.15). By requiring |Ψ(u) = |Ψ , one can obtain
based on which one can get the form of g(u):
It is straightforward to check that in the IR limit and UV limit, one has With the wavefunction |Ψ(u) in layer u, one can get the Berry curvature
based on which one can obtain the Berry curvature flow in the bulk of cMERA as shown in Fig. 18 .
cMERA of relativistic insulators with m < 0
The cMERA construction of relativistic insulators with m < 0 in (2+1) dimensions is similar with that of non-relativistic trivial insulators. R(k) has the same expression as Eq. (7.27) except that we use m < 0 now. u k and v k can be obtained based on the expression in Eq. (7.18), and are expressed as 34) where N is the normalization factor. Based on the ground state wavefunction, one can get the Berry curvature with the same expression in Eq. (7.29), i.e.,
with m < 0. In cMERA construction, similar with the case of non-relativistic trivial insulators, P k and Q k have the expressions
By requiring that |Ψ(u UV ) = |Ψ , where |Ψ is the exact ground state, one has
based on which one can obtain the form of g(u):
It is straightforward to check that in the IR limit and UV limit, one has
With the wavefunctions |Ψ(u) in layer u, one can obtain the Berry curvature
based on which one can obtain the Berry curvature flow in the bulk of cMERA as shown in Fig. 19 .
Vortex feature in the Berry curvature flow
In this part, we analyze the vortex feature near u = u * in Fig.7 . Acrossing the vortex core, there are sign changes in both F u (k, θ k ; u) and F k (k, θ k ; u). For convenience, let us rewrite the expression of F u (k, θ k ; u) and
First, let us discuss the sign change in F u (k, θ k ; u) as we change k while keeping u = u * fixed. In F u (k, θ k ; u), the explicit form of ∂ k ϕ k (u) is and does not play any role, and therefore one has positive ∂ k ϕ k (u). As k → k * , however, the boundary term dominates and one has negative ∂ k ϕ k (u), which explains the sign change in F u (k, θ k ; u).
Second, let us discuss the sign change in F k (k, θ k ; u) as we change u across u * while keeping k fixed. This is directly related with the sign change of g (a) (u)(see Fig. 4 ) by considering
In a short sum, the vortex feature of F(k, θ k ; u) in cMERA of Chern insulators is closely related with the sign change in g(u). Note that in the other three phases, i.e., non-relativistic trivial insulators, relativistic insulators with m > 0 and relativistic insulators with m < 0, there is no sign change in the corresponding g i (u) (see Fig. 4 ). Therefore, the vortex feature in Berry curvature flow only exists in cMERA of Chern insulators.
C. Other components of metric in cMERA
Given the wavefunction |Ψ i (u) , we can also calculate other components of the metric at each layer u. Similar with the method to define g uu (k, u), we consider the overlap of wavefunctions |Ψ i (k, u) and |Ψ i (k + dk, u) , where |Ψ i (k, u) is the single-particle wavefunction. Then one can get In this part, we study how the feature of Berry curvature flow in Fig. 13 is related with the behavior of g nontrivial (u). (i) Behavior of F k (k, θ k ; u): Based on the expression of F(k, θ k ; u) in Eq. (4.19), one has
Then by using the expression of ∂ u ϕ k (u) in Eq. (7.43), F k (k, θ k ; u) can be expressed as
To make an estimation of F k (k, θ k ; u), we simply use the approximated form of g nontrivial (u) as follows
Based on Eqs. (7.47) and (7.48), one can get
which indicates that there is on Berry curvature flow in k direction. On the contrary, for u < u * , one has
Considering that k < Λe u , one always has sin 2ϕ k (u) > 0. Therefore, one has F k (k, θ k ; u) < 0, ∀u < u * .
From the analysis above, it is found that the Berry curvature component F k (k, θ k ; u) is finite only in the IR layers and it points towards the smaller k direction.
(ii) Behavior of F u (k, θ k ; u):
To study the bending of the Berry curvature flow, we are interested in the region k < min [k * , Λe u ]. From Eq. (4.19), one has
By using the expression of ∂ k ϕ k (u) in Eq. (7.42) and the approximation in Eq. (7.48) one has
(7.50) Considering that sin 2ϕ k (u) > 0, one always has F u (k, θ k ; u) < 0 for u < u * . This means that F u (k, θ k ; u) always flows towards the IR layer.
Based on the above analysis on F k (k, θ k ; u) and F u (k, θ k ; u), we understand that the Berry curvature emanated from the UV layer is bent towards smaller k near u * , and then flows towards the IR layer (see Fig. 13 and Fig. 14) .
E. Discussion on trivial and non-trivial IR states for cMERA of Chern insulators
In the main text, we have studied the cMERA construction of a Chern insulator with topologically trivial and nontrivial IR states, respectively. In both cases, we require that |Ψ(k, u = u UV ) = |Ψ , (7.51) where |Ψ is the exact ground state of a Chern insulator. One may ask why the cMERA with a topologically nontrivial IR state can recover |Ψ in the whole region (0 ≤ k ≤ Λ) while the cMERA with a topologically trivial IR state cannot fulfill this? Here we will discuss this problem mainly from the mathematical point of view. For cMERA of Chern insulators with a topologically trivial IR state, the wavefunction at each layer is |Ψ(u) = |k|≤Λ P k (u)ψ † 2 (k) − Q k (u)ψ † 1 (k) |vac , where Q k (u) = − e −iθ k sin ϕ k (u) P k (u) = cos ϕ k (u). (7.52)
By requiring |Ψ(k, u = u UV ) = |Ψ , we can obtain the form of ϕ k (u) by solving differential equations. However, It is found that the solution does not match the boundary condition at u = u UV for large k. Let us check this problem explicitly as follows.
In the large k limit k → Λ, one has Therefore, the cMERA constructed single-particle wavefunction for |k| → Λ at u UV reads |Ψ(k, u) = ψ † 2 (k)|vac . On the other hand, the exact single-particle wavefunction at large momentum |k| → Λ reads
Apparently, |Ψ(k, u UV ) = |Ψ(k) for |k| → Λ, i.e., the boundary condition does not match. To solve this problem, one needs to modify Q k (u) and P k (u) in Eq. (7.52) as
(7.56)
In this way, one can find that in the large k limit,
which satisfies the boundary condition at large momentum k.
One may be worried whether |Ψ (k, u UV ) satisfies the boundary condition for small k. This can also be explicitly checked as follows. In the small k limit, one can simply use the approximation in Eq. (4.13), and then one can obtain ϕ k→0 (u) π 2 . (7.58) Therefore, the cMERA constructed single-particle wavefunction |Ψ (k, u) in small k limit reads
which agrees with the exact boundary condition for k → 0.
F. Generalization to higher Chern number cases
In this part, we generalize our cMERA method to construct the ground state of the Hamiltonian
with
where γ is an integer and m > 0. Alternatively, h(k) can be rewritten as
